Abstract By building kinetic models of biological networks one may advance the development of new modeling approaches while gaining insights into the biology. We focus here on building a stochastic kinetic model for the intracellular growth of vesicular stomatitis virus (VSV), a well-studied virus that encodes five genes. The essential network of VSV reactions creates challenges to stochastic simulation owing to (i) delayed reactions associated with transcription and genome replication, (ii) production of large numbers of intermediate proteins by translation, and (iii) the presence of highly reactive intermediates that rapidly fluctuate in their intracellular levels. We address these issues by developing a hybrid implementation of the model that combines a delayed stochastic simulation algorithm (DSSA) with Langevin equations to simulate the reactions that produce species in high numbers. Further, we employ a quasi-steady-state approximation (QSSA) to overcome the computational burden of small time steps caused by highly reactive species. The simulation is able to capture experimentally observed patterns of viral gene expression. Moreover, the simulation suggests that early levels of a low-abundance species, VSV L mRNA, play a key role in determining the production level of VSV genomes, transcripts, and proteins within an infected cell. Ultimately, these results suggest that stochastic gene expression contribute to the distribution of virus progeny yields from infected cells.
Introduction

Stochastic background
Virus infections are noisy. When a virus encounters a susceptible cell, it binds to receptor molecules on the cell surface, initiating events that enable entry of the virus into the cell * Corresponding author.
E-mail address: yin@engr.wisc.edu (John Yin). and release of its genome, which triggers reactions that ultimately pirate the biosynthetic resources of the cell to produce virus progeny. These processes often involve small numbers: a single virus particle, a handful of receptor molecules, or a single virus genome. The stochastic or noisy behavior of reactions initiated by small numbers of reactants can be especially accentuated in the case of viruses, where the functions encoded by the virus genome often amplify intermediates through processes that can be described by autocatalytic or positive feedback loops. Simulations of noisy gene expression in model viruses support the notion that the noise associated with small numbers of viral intermediates can significantly impact the behavior and productivity of virus infections (Arkin et al., 1998; Weinberger et al., 2005; Srivastava et al., 2002) . Moreover, Delbrück's classical experiments on single cells infected by single virus particles showed how infected cells could produce virus yields that span a broad range of one to two orders of magnitude (Delbrück, 1945) . Delbrück further speculated that the source of the large variations in yield might easily be accounted for by fluctuations in autocatalytic reactions underlying the virus growth (Delbrück, 1940 (Delbrück, , 1945 .
To better understand mechanistically how noisy reactions may impact the distribution of virus productivity, one may develop stochastic kinetic models of virus intracellular growth. In general, one would expect intrinsic fluctuations to impact the dynamics during the earliest stages of infection when levels of viral species are low. These effects may result in extinction of virus species from infected host cells or contribute to broad distributions in virus progeny production. For low numbers of molecules, a continuous or smooth description of the system is not strictly valid because the numbers of molecules are small integer values and reactions cause integer jumps in these values. These systems are typically modeled as discrete jump Markov processes. The stochastic simulation algorithm (SSA), also known as the Gillespie Algorithm (Gillespie, 1976), is an exact simulation method for these Markov processes. The delayed stochastic simulation algorithm (DSSA) is an extended version of the SSA. It accounts for delays that are involved in various reactions, including gene transcription and replication reactions, as well as protein translation reactions (Barrio et al., 2006; Bratsun et al., 2005) . Other methods directly analyze the master equation and approximation methods based on the Fokker-Planck or Langevin equations (Gillespie, 1992 (Gillespie, , 2000 . Several hybrid models, that are based on the separation of time scales between fast and slow reactions, have been proposed to reduce the computational effort of the full stochastic models (Haseltine and Rawlings, 2002; Rao and Arkin, 2003; Salis and Kaznessis, 2005a; Samant et al., 2007; Griffith et al., 2006; E et al., 2005; Salis and Kaznessis, 2005b; Goutsias, 2005; Samant and Vlachos, 2005) . Partitioning based purely on fast and slow reactions, however, does not produce an efficient simulation because it cannot handle the rapid switching of low concentration species that takes place in the VSV virus infection model.
The challenge of the current work is to advance a stochastic model of a virus infection, allowing for initially low numbers of virus molecules at the initiation of infection. While some species may be rapidly amplified, others may stay at low numbers, and be produced and consumed with high reaction rates, or take part in delayed reactions. Such features cannot, in general, be handled by a simple simulation algorithm. Instead, the model has to be implemented using a strategy that adapts the methods to the ever-changing conditions of the simulation. Here we focus on advancing a stochastic simulation strategy for the intracellular growth of vesicular stomatitis virus (VSV), a relatively well-characterized
